In 1987 F.-O. Schreyer conjectured that a local ring R has finite Cohen-Macaulay type if and only if the completion R has finite Cohen-Macaulay type. We prove the conjecture for excellent Cohen-Macaulay local rings and also show by example that it can fail in general.
Introduction
Let (R, m) be a (commutative Noetherian) local ring of dimension d. Recall that a nonzero R-module M is maximal Cohen-Macaulay (MCM) provided it is finitely generated and there exists an M-regular sequence (x 1 , . . . , x d ) in the maximal ideal m. The ring R is said to have finite Cohen-Macaulay type (or finite CM type) if there are, up to isomorphism, only finitely many indecomposable MCM R-modules.
There has been a great deal of progress in recent years on the problem of classifying all local rings of finite CM type. Work on this problem has proceeded in two main directions. First, the complete equicharacteristic hypersurface singularities of finite CM type have been completely characterized ( [GK] , [BGS] , [K] ). The other approach has been to reduce to the complete case, where one can apply a beautiful theorem of Auslander [A] : If a complete CM local ring R has finite CM type, then R is an isolated singularity. In this latter direction, the main focus has been on a conjecture of Schreyer [Sc] , which states that a local ring R has finite CM type if and only if the m-adic completion R has finite CM type. In [W] , the second-named author proved that finite CM type satisfies faithfully flat descent, provided the closed fiber is Cohen-Macaulay, which establishes one direction of the conjecture. In this paper we prove the other direction. Specifically, we prove the following theorem.
Main Theorem. Let (R, m) be an excellent CM local ring. Then R has finite CohenMacaulay type if and only if the m-adic completion R has finite Cohen-Macaulay type.
As a corollary we deduce that Auslander's theorem holds for all excellent CM local rings.
The assumption that R be excellent, which is absent from Schreyer's original conjecture, is used in two different ways in our proof. It seems unlikely to us that it could be eliminated.
In the second part of the paper, we address the analogous problem for non-CohenMacaulay local rings. We give two examples to show that there exist local rings with no MCM modules, whose completions have infinite CM type.
Throughout, all rings will be commutative and Noetherian, and all modules will be finitely generated. We abbreviate the assertion "M is isomorphic to a direct summand of N" to "M | N". Denote by syz n R (M) the n th syzygy in an arbitrary free resolution of an R-module M; it is unique up free direct summands. To say that a property holds on the punctured spectrum of a local ring (R, m) means that the property holds for all localizations R p , p ∈ Spec(R) − {m}. Finally, we write R h and R for the Henselization and completion, respectively, of a local ring R.
Proof of the Main Theorem
The second-named author [W] established descent of finite CM type along flat local homomorphisms with CM closed fiber. Theorem 1.1 ( [W, 1.4] ). Let (R, m) → (S, n) be a flat local homomorphism. Let C(R) and C(S) be classes of finitely generated R-modules (resp. S-modules) which are closed under taking direct summands, and assume that S ⊗ R M ∈ C(S) whenever M ∈ C(R). If C(S) contains only finitely many indecomposable modules up to isomorphism, the same holds for C (R) .
Accordingly, we focus on the question of ascent of finite CM type. We will rely on the following theorem, which reduces the problem to proving that the localization R p is Gorenstein for all non-maximal primes p.
. Let (R, m) be an excellent CM local ring which is Gorenstein on the punctured spectrum. If R has finite CM type, then R has finite CM type.
The property that we will use to verify that a ring is Gorenstein on the punctured spectrum involves the canonical module ω R . See [BH, Chapter 3] for basic properties of the canonical module. We also record the following lemma from [EG] ; note that this is not the precise statement that appears there, but is what is actually proved. Lemma 1.3 ( [EG, 3.8] ). Let (R, m) be a local ring satisfying (S k ) which is Gorenstein in codimension k − 1. Then every R-module satisfying (S k ) is a k th syzygy of some finitely generated R-module. Lemma 1.4. Let (R, m) be a CM local ring of dimension d with canonical module ω. Then R is Gorenstein on the punctured spectrum if and only if ω is a direct summand of a d th syzygy of some finitely generated R-module.
Proof. If R is Gorenstein on the punctured spectrum, then every MCM R-module, in particular ω, is a d th syzygy by Lemma 1.3. For the converse, let M be a finitely generated
with F a finitely generated free R-module. Use the split surjection syz
Let p ∈ Spec(R) be a nonmaximal prime. Since ω p is a canonical module for R p and syz
p is a MCM R p -module, the second row of ( †) splits when localized at p. It is a straightforward diagram chase to show that ω p is a direct summand of F p , and so is free. Hence R p is Gorenstein, as desired.
Not every CM local ring has a canonical module (see, for example, [RWW] ). Thus, in order to apply the lemma, we change base to a ring which is known to have a canonical module. Let R be an excellent CM local ring. Then the Henselization R h of R is also excellent, by [G, 5.3] . It is a consequence of Néron-Popescu desingularization [Sw, 2.4 ] that an excellent Henselian local ring satisfies the Artin approximation property. Hinich showed in [Hi] that Artin approximation implies the existence of a canonical module (see also [R] ).
For a local ring R of dimension d, we let C(R) be the class of all R-modules M such that M is isomorphic to a direct summand of a d th syzygy of a finitely generated R-module. Note that, since we do not require free resolutions to be minimal, R ∈ C(R). Definition 1.5. We say that a local ring (R, m) of dimension d has finite syzygy type provided there are, up to isomorphism, only finitely many indecomposable modules in C(R). 
= ab, and let J be the kernel of µ. We claim that the exact sequence 
. Applying − ⊗ R h X to the sequence ( * ), we get a split exact sequence of R h -modules
Thus X is a direct summand of the extended module R h ⊗ R X, where the action of R h on R h ⊗ R X is via change of rings. Write R X as a directed union of finitely generated R-modules Y α . Then, since X is finitely generated as an
Proposition 1.7. Let (R, m) be a CM local ring of dimension d with canonical module ω. Let x = {x 1 , . . . , x d } be a system of parameters for R, and let x n = {x n 1 , . . . , x n d }. For each integer n ≥ 1, let Σ n be the set of isomorphism classes of R-modules appearing in direct-sum decompositions of direct sums of copies of syz d R (ω/(x n )ω). Set Σ := n Σ n . If Σ contains only finitely many isomorphism classes of indecomposables, then R is Gorenstein on the punctured spectrum.
Proof. Fix an integer n ≥ 1 for a moment, and set ω = ω/(x n )ω. Then we have an exact sequence 0 → syz
R (ω) → 0 with F a finitely generated free R-module. We apply the functor − ∨ := Hom R (−, ω). Note that by [M, 18.2] and [BH, 3.3 .5], Ext
Since R is local, there is an indecomposable direct summand X n of syz
is also a finite set. Hence there exists an m such that the indecomposable module X m maps onto R/(x n ) for infinitely many n. Then X m is free, so syz
∨ has a nonzero free direct summand. Dualizing, we see that ω is a direct summand of syz
. By Lemma 1.3, then, R is Gorenstein on the punctured spectrum.
We record as a corollary the case of particular interest, from which the main theorem will follow. Corollary 1.8. Let (R, m) be a CM local ring of dimension d with canonical module ω. Assume that R has finite syzygy type. Then R is Gorenstein on the punctured spectrum, and in particular has finite CM type.
Proof. The first statement follows directly from Proposition 1.7. For the second, we apply Lemma 1.3.
Proof of Main Theorem. Let R be an excellent CM local ring of finite CM type. Then, in particular, R has finite syzygy type. By Proposition 1.5, finite syzygy type ascends to R h . Greco [G, 5.3] shows that R h is also excellent, and so R h satisfies Artin approximation by [Sw, 2.4] . This implies that R has a canonical module ( [Hi] , [R] ), and so R h is Gorenstein on the punctured spectrum by Corollary 1.7. It follows that R is Gorenstein on the punctured spectrum. Theorem 1.2 finishes the proof.
We also extend the result of Auslander mentioned in the introduction, that a complete CM local ring of finite CM type is regular on the punctured spectrum, to this more general situation.
Corollary 1.9. Let (R, m) be an excellent CM local ring of finite CM type. Then R has an isolated singularity.
Proof. By the Main Theorem, the completion R also has finite CM type. By Auslander's theorem for complete local rings [A] , R has an isolated singularity. This property satisfies faithfully flat descent (see, e.g., [W, 2.7] ), so R has an isolated singularity as well.
The non-Cohen-Macaulay case
It follows from the descent criterion of Theorem 1.1 that finite CM type descends to a local ring R from its completion, regardless of whether R is CM. The analogous statement for ascent is false, as the following two examples show. While two may seem like overkill, they fail for different enough reasons that it seems instructive to include both. It is easy to check that the image of x is a nonzerodivisor in T . By [L, Theorem 1] , then, T is the completion of some local integral domain A. Then A has finite CM type; in fact, it has no MCM modules at all. For if A had a nonzero MCM module, then A would be universally catenary [Ho, §1] . This implies ( [M, p. 252] ) that A is formally equidimensional, that is, all minimal primes of T have the same dimension. This is clearly absurd.
Example 2.2. Let k be any field, and let K = k(t 1 , t 2 , . . . ) be an extension of k of infinite transcendence degree. Let f be an irreducible polynomial in n variables over K so that
has infinite CM type, and let g be an irreducible polynomial in m variables (with m = n) so that R 2 = K[y 1 , . . . , y m ] (y 1 ,... ,y m ) /(g) has infinite CM type.
Semilocalize R by inverting the multiplicative set given by the complement of the union of the two ideals (x) = (x 1 , . . . , x n ) and (y) = (y 1 , . . . , y m ). Note that these two maximal ideals have different heights. By [dSDL] , there exists a subring A of R so that A is a local domain with maximal ideal (x) ∩ (y), and A֒→R is a finite birational extension. Specifically, note that the two residue fields of R are isomorphic, both being purely transcendental extensions of K. Let ǫ 1 be the surjection R → K with kernel (x), and let ǫ 2 be the surjection R → K with kernel (y). Then
The construction in [dSDL] shows that A fails to be catenary: every nonmaximal prime of A has exactly one prime of R lying over it, and the maximal ideal of A is precisely the intersection of the two maximal ideals of R. The preimages of the two saturated chains 0 ⊆ (x 1 ) ⊆ (x 1 , x 2 ) ⊆ · · · ⊆ (x 1 , . . . , x n ) and 0 ⊆ (y 1 ) ⊆ (y 1 , y 2 ) ⊆ · · · ⊆ (y 1 , . . . , y m ) give saturated chains of different lengths of primes in A from 0 to the maximal ideal. Thus A fails to be catenary, so has no nonzero MCM modules ( [Ho, §1] ). In particular, A has finite CM type. We will show that A has infinite CM type. Let R be the completion of R with respect to the Jacobson radical (x) ∩ (y). Since the Jacobson radical of R is equal to the maximal ideal of A, we have R ∼ = R ⊗ A A. Since A → R is birational and finite, there exists a nonzerodivisor t ∈ R such that tR ⊆ A. Then we also have t R ⊆ A, so A → R is also birational and finite. We claim that A has infinite CM type. We can write R ∼ = R 1 × R 2 , so R has infinite CM type (by Theorem 1.1). If two torsion-free R-modules are isomorphic as A-modules, we can use the birationality to clear denominators and get an R-isomorphism. So A has infinite CM type, while A has no MCM modules.
